1. Let O denote a bounded, simply connected domain in the x, y-plane, and let £ be a closed set lying in O. If X(e) ^0 is a finite, completely additive distribution of mass (of arbitrary sign) defined for Borel sets e in E, then the couple (E, X) will be called a distribution (completely interior to D). If (Ei, Xj) is another distribution, completely interior to D, such that E and Ei are similar and such that homologous parts of E and E\ have the same mass, then (E, X) and (Ei, Xi) are said to be similar distributions.
The distribution (E, X) is said to be normal if and only if all its harmonic moments vanish, that is, if and only if (1) \ \ pn cos n6dK = °-\ \ pn sin n6dK = °' » = 0, 1, 2, • • • .
Now let/(x, y) be a real function, continuous in O, and let (E0, X0) be a distribution that is completely interior to O. Then f(x, y) and (Eo, Xo) are said to be associated if, and only if, (2) fff(x,y)d\ = 0 holds for each distribution (E, X) that is both similar to (Eo, X0) and completely interior to D.
The interesting ideas contained in the preceding paragraphs are due to Choquet and Deny [2] 2 who determined classes of continuous functions associated with distributions.
One of their results is the following one. In this n,ote we shall make use of Theorem A to obtain characterization theorems for polynomial solutions of the equation (4) Akf(x, y) = 0, where k is an integer, k ^ 1. Here Pn(x, y;r,<j>) is the finite, closed region bounded by the regular M-gon pn(x, y; r, (¡)) with center (x, y), inscribed circle of radius r, "orientation" <j>, -ir/n<<l>^ir/n. \\pn\\=2nr tan (ir/n) is the length of pn(x, y, r, 4>), and ||P"|| =«r2 tan (ir/w) is the area of Pn(x, y; r, <j>).
It is well known that the areal mean-value A(f; x, y; r, <¡>) is one degree smoother than f(x, y) ; that is, if f(x, y) is superficially summable over V, then the areal mean-values are continuous where they are defined, and if f(x, y) is of class Cv in <D, then the meanvalue functions are of class Cp+1 where defined.
We shall also make use of the following easily established identities. If /, m, n are positive integers, then Unless explicitly stated otherwise, » and ¿ will always denote fixed integers, «2:3, ¿_1.
3. The following result is fundamental for this paper. (7) det [/(/; x, y; rk, <p) -f(x, y)rkrk ■ ■ ■ rk J = 0 holds for each k-tuple {pn(x, y; rk, <p)} lying in €>, thenf(x, y) is a polynomial of degree at most 2p -2, satisfying (3); here p = n, if n is odd, and p = hn, the smallest integral multiple of n for which 5n>2k -2, when « is even.
Proof. Under the present hypotheses, if we multiply the /th row of the left-hand member of (7) by 2wr( tan (w/n), then integrate with respect to rt, and then divide by nr2 tan (r/n), for / = 0, 1, • • • , k, then we obtain It follows from (7) and the way in which the constants mt were defined that (2) holds for each distribution (£, X) which is similar to (£0, Xo) and which lies completely interior to D, that is, (2) holds for each distribution (£, X) obtained by distributing the mass mt uniformly over pn(x, y; rt, p), for each member of a ¿-tuple {pn(x, y; rk, <p)} that is similar to the ¿-tuple {pn(0, 0; pk, 0)} and that lies in £>. Hence (£o, Xo) is associated with/(x, y).
We shall now show that the distribution (£0, Xo) defined above is not a normal one. To that end, we examine We distinguish two cases, (a) « odd. It follows from the nature of the determinant in (13), and from (14), that / = » is the order of the first nonvanishing harmonic moment of (£0,Xo). Therefore, by Theorem A, f(x, y) satisfies (3) with p = n. (b) « even. It follows from (13) and (14) that the first nonvanishing harmonic moment of (£o,X0) is that whose order is the first multiple of « that exceeds 2¿ -2, say on. Hence/(x, y) satisfies (3) with p = 5n. This completes the proof.
Corollary
1. The conclusion of Lemma 1 is valid if (7) is replaced by (8) in the hypothesis.
Proof. We merely retrace the steps that led from (7) to (8) in the proof above.
We remark here that the order of the differential equation (3), valid for the conclusion of Lemma 1, is not necessarily minimal; the order is a function of the first nonvanishing harmonic moment of distributions associated with f(x, y). It will follow from our later results that if we assume that ¿ is the smallest integer that will work in (7), then the order p obtained in the lemma is actually minimal.
The following observation will be useful. If (7) holds for each ¿-tuple {pn(x, y; rk, <p)} lying in D, then it follows that for each fixed point (x, y) in D and for each fixed angle <p, -w/n<4>u^/n, the mean-value functions L(f; x, y;r,<p),A(f;x, y; r,cp) are polynomials in r2 of degree at most¿ -1; that is, there exist functions Ls(x, y;<p), (19) f(x, y) = £ £p2»+'(a.,t cos td + b,,t sin td), ,=0 t=o which must hold in a neighborhood of (x0, yo). Then a direct computation in which we make use of (6) and (14) (28) about the arbitrary, fixed point (x0, yo). Now it is an easy matter to show that (7) holds for each ¿-tuple \pn(xo, yo; rk, (¡>)} centered at (x0, yo) ; we make use of (6) to do that. The conclusion of the lemma now follows.
If » is an odd integer, n¿t3, we need but proceed as in the case for even ». This completes the proof.
Corollary.
The conclusion of Theorem 1 is valid if (8) replaces (7) in the hypothesis.
It is interesting to note that for ¿ = 1, Theorem 1 reduces to a known characterization of harmonic polynomials [l, p. 236, p. 238]. If ¿ = 2, then Theorem 1 overlaps a result announced by Haskell [3] . Indeed, for ¿ = 2, (7) becomes 
f(x, y) = 2A(f; x, y; ru <p) -L(f; x, y; n, *).
From Theorem 1 and (30) it follows that a necessary and sufficient condition that/(x, y), continuous in O, be a biharmonic polynomial of degree at most » is that (30) hold for each pn(x, y; fi, <p) lying in D. It is this result that is similar to a theorem obtained by Haskell.
If we allow n->°° in (7), or (8), while k is kept fixed, then we obtain characterizations of functions harmonic of order k in V; these characterizations are contained in some results obtained by Poritsky [S], as well as by Choquet and Deny [2] . These latter should be compared with known results in the theory of functions harmonic of order ¿, Â=T; see Nicolesco Í4].
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